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MATHEMATICAL MODELING
OF ELASTIC PHASE TRANSITIONS

I. A. Kaliev UDC 539.3

Various modifications are proposed for a model describing phase transitions in multidimensional elastic
media via a nonconvex free energy function. The material density is considered to be an order parameter
responsible for the difference between phases. These models can be used in the description of physical
phenomena, such as phase transitions in solids (e.g., graphite-diamond), or in the description of shape-
memory materials. In the case of one space variable, the model is a generalization of the well-known Falk
model {1-3]. Some of its partial solutions are found.

1. Introduction. It is agreed that a phase transition takes place if some of the quantities that
characterize macroscopic properties of a material change discontinuously with respect to external variables.
The energy function is used as one of the parameters to describe the state of the material. This may be the
internal energy, the Helmholtz free energy, or the Gibbs free energy which are connected by the Legendre
transform. We are interested not in the well-known Stefan phase transitions when the energy of the material
changes discontinuously, but in the transitions for which the energy function varies continuously, and its
derivatives may have a discontinuity. If the first derivatives are discontinuous, then we have a first-order
phase transition. For second-order phase, only the second derivatives may have a discontinuity. It is generally
assumed that the internal energy and the Helmholtz free energy are nonconvex functions in some interval of
their arguments. To describe phase transitions in more detail, we can use a specific parameter called the order
parameter which characterizes the difference between phases.

The theoretical description of phase transitions started with the well-known van der Waals equation
(see [4]) for the liquid—vapor first-order phase transition. In this work phase transitions were first described
using a nonconvex energy function. In [5] dependence on the density gradient was added as a parameter to
the free energy function to obtain a continuous profile across the liquid-vapor interface.

An important step in the description of the second-order phase transitions was taken by L. D. Landau
[6] who began to develop the theory that was later referred to by his name. The basic assumption made in
[6] is that the energy function only depends on the order parameter and temperature. To avoid the sharp
distinction between phase boundaries, V. L. Ginzburg extended the energy function with the dependence on
the gradient of the order parameter [7]. The differential equations thus obtained are often referred to as the
Ginzburg-Landau phase transition theory. Independently, A. F. Devonshire {8] developed a similar theory for
ferroelectrics.

In [1-3], strain is treated as the order parameter responsible for the phase difference in the description
of the elastic phase transitions. In this case the free energy function is similar to that proposed in [6, 7]. The
problems concerned with the one-dimensional Falk model were investigated in [9, 10].

Concerning the Falk models, we remark that they assume the material density to be constant, which
is not always justified in practice.

2. The Static Landau Theory. Let a body occupy volume € and be in an equilibrium state. We
study the equilibrium case when all the variables do not depend on time and the temperature 4 is constant
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throughout the volume 2. The equilibrium state is determined by a minimum of total free energy
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where p = p(x) is the material density; x are the space coordinates; pFE is the density of the Helmholtz free
energy per unit volume; E is the specific free energy; €. i1s the contribution from the external forces to the
total energy. In the Landau theory, we assume that E depends on the density p and temperature 8, and in
the Ginzburg-Landau theory E depends also on the density gradient Vp. We do not refine the form of the
function Eex, simply noting that &, is a functional of the displacement vector. For simplicity we can assume
Eext = 0. This corresponds to the absence of external volumetric forces, and the domain boundary 99 is also
free from the action of the external surface forces, i.e., the body is free. A free body is in equilibrium if the
equilibrium density peq represents the minimum of the function pE.

For further consideration we postulate the equation of state as the dependence of F on p and 8. Assume
that E, or more precisely, the function F' = pF, is of a form similar to that presented in the picture: F' is
a nonconvex function of the argument p; F — oo as p — 0 and p — oo, F has the only minimum at high
temperatures, which corresponds to the density pj of the high temperature phase, and two (or more) minima
at low temperatures corresponding to the densities p;; of the low temperatures phases. At some temperatures,
high- and low-temperature phases may coexist.

An absolute minimum over p with the temperature fixed corresponds to the stable phase, and the
other minima correspond to metastable phases. To decrease its energy, the material can change state from
metastable to stable, but to do this it is necessary to overcome a certain energy barrier.

3. The Dynamic Landau Theory. The Lagrange description used thereafter is the most suitable
for elastic bodies. We can write the system of equations for p, #, and the displacement vector u using the
equation of state £ = E(p,8). This is done in the same manner as in the thermoelasticity theory, with the
only difference that in this theory E = E(£,0), where ¢ is the Lagrange strain tensor

du\’ du Ju\"’ Ju
= (5e) + (3e) + (3) = (%) w=x-e o

[€ are the Lagrange coordinates, x are the Euler coordinates, x = x(§, t)].
The formula for density can be derived from the equations of continuity and momentum [11}:

2

{n,

p(&,) = po(&)(1 + 2J1 + 477 + 8J3) /2. (32)

Here po(&) is the initial density distribution; Ji = Ji(€) is the kth invariant of the strain tensor é = £(&,¢)
k=1, 2 3).
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The internal energy U is connected with the free energy E, temperature §, and entropy S by the
relation U = E +68. It is convenient henceforth to denote by P the auxiliary tensor connected with the stress
tensor P by the formulas

P=ToPoT* P=T'oPoT* !, (3.3)
where
0x ou
T= % =1+ 'a—é' (3.4)

is the distortion tensor; I is the unit tensor.
Due to the elastic body thermodynamics axiom {[11]

o0 % — div (2V0) 09
we can derive B 8_E'_ @ S = _B_E (3.6

from the heat influx equation. Here 0p/3¢ is the gradient of the tensor function p(€) with respect to é.
Using (3.2) and (3.6), we find P:

“ OE —3/2 o ON1 aJ2 aJs
P=- 1427, + 42 +8J3) 732 2 22 44—
s p0(+ 1 +4J2 +8J3) (aA % T4
OF p3 .
—-—pa 2[1-{-2 ST = &)+ 4(JoI — Jié + €Y)), (3.7)
5 i 9E . a2
P = ——2 — (1 +2J1 +4J2)] — (24 4J1)€ + 4£€°).
py 9p
The second formula in (3.6) and axiom (3.5) are used in deriving the equation for temperature
9*E 96 dP _0¢
—p8 — — —d = . .
Pl ggr g V=V =055 5 (38)
Let us give an example of the dependence of E on 8:
pE(p,8) = Eo(8) + (0 — 60)Er(p) + E2(p), Fo(0) =Cy + C20 — Chlnb.
Here the coefficient at 6; in Eq. (3.8) equals C. It would appear reasonable in the general case that
O’E
—pf —— .
0< —p 507 < 0o
We insert the displacement u into the momental equation by the relations
_ox_ou v _ o
VER T @t T o
The momrntal equation takes the form
2u
—— =div P + pf. (3.9)

T
It is easy to verify that Eqs. (3.8) and (3.9) together with Egs. (3.1)-(3.4), and (3.7) form a closed
system of equations for u and 6. For the written form of the equations to be complete, it is necessary to change
the div operations in (3.8) and (3.9) to the Lagrange coordinates. If div, is written in the Euler coordinates,
and divg is written in the Lagrange coordinates (V; and V; have the same meaning), then the transformation
required is given by the formulas

dive P = dive(T o P) ~ T o P o T*(dive(T* 1)), (3.10)
divz(2V6) = dive(T ™ o T*7' (V) — T~ H{Veb)dive (T 7). (3.11)
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System (3.1)-(3.4), (3.7)—(3.11) is complicated both for solving particular problems and for the general
mathematical analysis. For this reason we study its linear variant.

The starting point of the linear theory is the notion of a natural state of a thermoelastic body. A state
is called natural if there are no deformations (¢ = 0) in it, and the density and temperature are constants
(p = po, 6 = 8p). We search for another solution which differs little from the natural ctate. A deformation
is called small if the norm of the tensor T'— I is small in comparison with the units. According to formulas
(3.1) and (3.4), smallness of deformations is equivalent to smallness of the norm of the tensor du/d€ or é. In
addition, we assume that the temperature difference f = § — 6y and its derivatives are small (of the order of
smallness of the tensor £). We obtain the relationships of the linear theory if we drop the quantities of the
highest order of smallness in comparison with a small norm of the tensor T — I. Thus, according to the linear
theory, relations (3.1) and (3.2) are reduced to the following:

. ou\® Ou\
28 = (&) + (&), (3.12)

b = po(1 = Ji(£). (3.13)
Formula (3.7) takes the form
P =(—p—af + M) +2ué, (3.14)
where

OF O*E oF 0*E

2 2 2 3

= = — 0 * g —_— 0 M A = 2 _— 0 . 0 .
P H Po ap (PO, 0)7 o Po apag(p()a 0)1 Po ap (/)0, 0) f Po apQ (P01 0)

When (3.14) is taken into account, the linearized Euler stress tensor P from (3.3) is written as
P=(—p—ab+ )l (3.15)

Finally, we assume that the heat conductivity coefficient is & = const. As a result, Egs. (3.8) and (3.9)
are reduced to the following system of equations

0%u .
P S = —aVi + AV (divu) + pof; (3.16)
oo 0
_ — — 8 —(di . 17
5 kAG -3 at(dlv u) (3.17)
Here
b 3 ) 5= aby

. OPE ’ 2 9*E '
pabo W(pov fo) POOOW(Pm fo)

The operations div, V, A in (3.16) and (3.17) are performed over the Lagrange variables £ (for brevity, the
index & is omitted).

Unlike the corresponding equations of the classical linear thermoelasticity theory, Eq. (3.16) has no
term with Au. This is a fundamental point, since the remaining term AV(div u) is not an elliptic operator in
the case of the stationary problem.

The initial conditions for Eqgs. (3.16) and (3.17) have the form

uf,_ = uo(€), wif,_ =w(8), 6|_, =00(&), (3.18)
and the boundary conditions on the side surface of the cylinder ST = 9Q x (0,T") are the following:
(divu)y =vs(&:0), 0]y = 0s(&,0). (3.19)

The problem (3.16)—(3.19) is well posed for £ > 0, A > 0, i.e., the solution {u, 6} exists, is unique, and depends
on the problem’s data continuously. The proof of this statement is not given in this article.
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In the case of one space variable [(¢,t) € Q1 = (€1,€2) x (0,T)], Egs. (3.16) and (3.17) take the form

pouy = —alfe + Auge + pe f; (3.20)
0t = kﬂff - ,BUH. (321)

Let us consider the solutions of the problem (3.20), (3.21) with strong discontinuity, namely, it is assumed
that there exists a smooth function £ = R(¢) which divides the domain Qr into two subdomains (@7 and
QT) In each of the subdomains Q7 and QT, functions u and # are smooth functions and satisfy Eqs. (3.20)
and (3.21) in the classical sense. The functions u, 6 may have a discontinuity at the phase interface £ = R(t).
In this case the jumps of the functions u, 8, ug, and ¢ are not arbitrary but connected by definite relations

called the strong discontinuity equations:

Dipour] - o] + [ug) = 0; (3.22)
Here [g] = lim g(&,¢t) — lim g({’, ); D is the velocity of the boundary é = R(t): D = dR(t)/dt; the

E—R(1)+0 £—R(t)—0
coefficients pg, @, A, k, 3 are constants different in Q7 and Q;

We search for partial solutions with strong discontinuity in the infinite domain (¢, ) € (—o0, 00)x (0, 00)
which are of the type of running waves: u(§,t) = u(¢ — at), 6(¢,t) = 8(¢£ — at), R(t) = at. For this we assume
that pof = (£ ~ at) with the known function ¢ and given number a. Let us denote ¢ — at = z, u™ = u(z),
0~ =0(z) as z < 0, ut = u(z), 6+ = 0(z) as z > 0. For functions u®, 6% from Egs. (3.20) and (3.21) we have
the system of ordinary differential equations:

a2poun = —al; + Az, + @; (3.24)

—ab, = k8,, + afu,,, (3.25)

and from the strong discontinuity equations (3.22) and (3.23) we have the conditions of conjugation for z = 0:
a®[pouz] + [ab] — [Au.] = 0; (3.26)

a[0] + a[Bu.] + [k8.] =0 (3.27)

([¢] = g*(0) — g7(0)). On integrating the system (3.24), (3.25), we obtain

016) = 0400) + 0200) S (1 - B - 0 e [y
0 0
u¥(z) = uw(0) ( £(0) - 62(0) m‘f“—;ﬁ))zw: (0) (Ai)g’(“;):gi_ (0 -t
+(azpﬁfl— AE) jjv(r)dxdy * k( 22?_1)2 Oje_éthegyofyﬂx)dxdydw,

Superscrlpts + and — correspond to the values with z > 0 and z < 0. Eight integration constants [u*(0),
uE(0), 6%(0), 6(0)] must meet two relations (3.26) and (3.27), and thus only six of them are independent,

z

e.g., uE(0), u7(0), 6£(0), 67(0). Then uf(0), 87(0) are found from (3.26) and (3.27).
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4. The Dynamic Ginzburg-Landau Theory. It is assumed in the Ginzburg-Landau phase
transition theory that the specific free energy E depends on the density p, temperature 6§, and the density

gradient Vep = pe = <3p/351,8p/3£2,8/73€3)1
|Venl?
p

E = B(p,0,Vep) = Er(p,0) + 5 (4.1)
(EL(p,0) is the Landau free energy]. -

The main problem of this section is to obtain the dependence of the Lagrange strain tensor P on é
and ¢ which corresponds to the given function £ from (4.1).

Let us consider an arbitrary movement of the domain Q: & = £(£,t), 0 = 6(¢,t) satisfying the
equation of the energy balance [11]:

/ p %[{- dédt = / (P : & + div(2V0)) dedt, (4.2)
Qr
and the condition
Jdp Bp B
51-; 55 5 =0 (4.3)

on the boundary St = 99 x (0,7T') (n is the vector of the external normal to 99).
Since U(€,t) = E + 08, we have

ou oFE oS 06

P =P TP 5 S 5 (4.4)

0E _ 0E Op . OF 98 9F dp¢ 0EL Ve pl? Bp 8EL 09 o[ Ope
G TR P TR T TR P TR W Py 22 € P36 at TP\ %) o
Substituting (4.4), (4.5) into (4.2) and using (3.5), we obtain

OEL _ 1.g, 2 OF, 39 9p¢
Q/{(p 5y~ 5yl Ver |) + (aa +S dedt + /W dedt = /P codedt.  (4.6)
T

We separately consider
Ip¢ _ . dp 3p dp dp
/7p5—§-d§dt = 4 / {d1v£<p£~é? — Dgp 2 ¢ et _7/,;5 n 2 dedt -+ / Bepgpdidt.  (47)
Qr Qr Qr

The integral over the boundary St from (4.7) equals zero due to condition (4.3). Taking into account dp/dt =
(Op/0€) : €1, we derive from (4.6) and (4.7)

OE ap OE o9
Q/ {(p _a?L — L |Vepl? - 7A5p> - P} &, dgdt +/ (—L + s) S dedt = 0. (4.8)
T

Since € and ¢ are independent and arbitrary, we have from (4.8)

OE; 5 _ (paEL

_ 9P

The quantity dp/0¢ is already calculated when obtaining (3.7). The substitution of this expression into (4.9)
results in the formula

4
13:<_P aEL

— \% 2+——L\ > 14+2J1 +40) - (2+4J é+452. 4.10
Py B Zpol epl er | [( 1 2) I — ( 1) ] (4.10)
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It is interesting to compare (4.10) with the expression for the stress tensor given by Korteweg [12] for
compressible liquid:

0E
K = (—pza—p-+01|Vp|2+czAp)I+03Vp®Vp+C4V®Vp. (4.11)

Here ¢; are functions of the density p and temperature 8; (a ® b);; = a;b;. It is clear that the terms with the
unit tensor [ in (4.10) and (4.11) are of the same kind.

Equations (3.8) and (3.9) together with formulas (3.1)-(3.4), and (4.10) form a closed system of
equations for u and 4.

Acting as in Section 3, after linearization we obtain the linearized Lagrange stress tensor

-~

P=(-p- af + A1+ 1pop)] + 2ué,

where p, o, A, p are the same as in formula (3.14) with E replaced by Er. The linearized Euler stress tensor
is P=(—p—af+AJ1 +vpelp)l.
Analogs of Egs. (3.16) and (3.17) for u and 6§ take the form

20 a—t‘z‘— = —aV + AV(divu) — 7pEVA(divu) + pof; (4.12)
80 .

Equations (4.12) and (4.13) have the following initial conditions:

| =wo(é), w_, =wil&), 6|_, =0), (4.14)

t=0

and the conditions on the side surface of the cylinder ST = 9Q x (0,7T') are given by

d(divu)
on

(divu 0,

)lST = = 0, 9|ST = 8,(€,1). (4.15)
The problem (4.12)-(4.15) is well posed.
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